Abstract.-It is known that phylogenetic trees are more imbalanced than expected from a birth-death model with constant rates of speciation and extinction, and also that imbalance can be better fit by allowing the rate of speciation to decrease as the age of the parent species increases. If imbalance is measured in more detail, at nodes within trees as a function of the number of species descended from the nodes, age-dependent models predict levels of imbalance comparable to real trees for small numbers of descendent species, but predicted imbalance approaches an asymptote not found in real trees as the number of descendent species becomes large. Age-dependence must therefore be complemented by another process such as inheritance of different rates along different lineages, which is known to predict insufficient imbalance at nodes with few descendent species, but can predict increasing imbalance with increasing numbers of descendent species.
Phylogenetic trees are constructed to represent genealogical relationships among taxa, but they also provide data for statistical studies of evolution in general. A well-known statistical property of trees is their imbalance, which reflects the extent to which branches from the same node within a tree lead to different numbers of species. Imbalance is widely studied because it can be inferred from the topology of a tree without recourse to information unavailable in many trees, such as the dates of nodes or the characteristics of organisms. According to the review by Mooers and Heard (1997) , empirical trees tend to be more imbalanced than predicted by a birth-death model in which species give birth to new species or die through extinction at constant rates with births and deaths on different lineages independent of each other. Rejection of this null hypothesis implies that the topology of phylogenetic trees contains information about nonrandom aspects of macroevolution. To characterize some of this information, two lines of recent research have modified the constant-rates model to increase the predicted imbalance. Heard (1996) , Heard and Mooers (2002) , Blum and François (2006) , and Heath et al. (2008) allow birth rates to evolve: if birth rate is a property of species caused by organismic characteristics that can be inherited with modification in descendent species, then different rates can accumulate along different lineages to produce imbalanced trees. Heard (1996) found that this sort of lineage-dependent process moves too slowly to account for the imbalance of small empirical trees unless the changes in birth rates are implausibly rapid. Further simulations showed that the imbalance of small trees is increased by mass extinction of random taxa (Heard and Mooers 2002) and by incomplete random sampling of taxa (Heath et al. 2008) , although the assumption of randomness may not be met empirically for extinction or sampling.
As an alternative, Jones (2011) and Hagen et al. (2015) obtained good fits to the overall imbalance of empirical trees with models in which the birth rates depend on the age of the parent species, starting relatively high and then decreasing with time since the species' birth. This pattern would occur if the environmental conditions that favored the birth of a species persisted long enough to promote the birth of descendent species. Age-dependence operates on a time scale comparable to the lifetimes of individual species and does not accumulate across successive species in a lineage. Jones (2011, p. 743) therefore suggested that the age-dependent model predicts a characteristic time course for the relative sizes of two branches from the same node: "Once both subtrees have reached a modest size, their growth will be approximately exponential, with the same Malthusian parameter controlling their rate of growth, so that the ratio between their sizes tends to a constant." Jones also investigated the effects of incomplete taxon sampling on his collection of empirical trees, with mixed results because empirical trees are usually not based on random samples.
The present study shows that Jones' prediction of an asymptotically constant ratio of branch sizes still holds with time replaced by the total size of the two branches: the prediction is confirmed analytically for a large class of age-dependent models, and substantiated in detail by simulation of one well-known model. No empirical asymptote is found, however, in the species-level tree of life presented by Hinchliff et al. (2015a Hinchliff et al. ( , 2015b , or in large clades within the tree that differ widely in their degree of sampling completeness.
MATERIALS AND METHODS
Of the various published measures of imbalance, the one best suited for testing Jones' prediction is the weighted imbalance score called I w , which was 2017 HOLMAN-TREE IMBALANCE 913 introduced by Fusco and Cronk (1995) and modified by Purvis et al. (2002) . Like Jones' prediction, I w depends on the relative size of the two branches from a binary node; and unlike most other imbalance measures, I w can be calculated for subsets of binary nodes in large trees that are not entirely binary. To define I w , let S be the total number of species on the two branches at a given node, let B be the total number of species on the larger branch, and let m be the smallest integer at least as large as S/2. First, an imbalance score I is defined as (B−m)/(S−m−1). Next, a weight w is defined as 1 if S is odd, as (S−1)/S if S is even and I > 0, and as 2(S−1)/S if S is even and I = 0. Finally, for any set of nodes, I w is defined as the weighted mean of I with weights w. I w ranges from 0 for complete balance to 1 for complete imbalance. In between, Purvis et al. (2002) showed that under the standard birth-death model with constant rates, I w has an expected value of 0.5 for any value of S; this baseline makes I w useful for studying imbalance as a function of S.
Jones' (2011) prediction is formalized in Theorem 6.8.1 of Jagers (1975) for the general class of age-dependent models called Crump-Mode-Jagers processes, which are characterized by two assumptions. First, the functions relating birth rates and death rates to species age are the same for all species, although birth rates may differ from death rates. This assumption excludes lineage-dependent models, in which birth and death rates change to different values on different lineages. Second, births and deaths on different lineages are independent of each other. Independence is assumed for mathematical tractability by most stochastic models, but it excludes potentially important biological interactions such as competition. Jagers' theorem requires the additional condition that the total number of species born to a given species during its lifetime has mean greater than 1 and finite variance, which is plausible for large phylogenetic trees of living species. Online Appendix 1 (available on Dryad at http://dx.doi.org/10.5061/dryad.2q9r7) derives the implications of Jagers' theorem for the asymptotic behavior of I w as S increases.
To show exactly how I w approaches its asymptote, it is necessary to specify the function relating rates of birth and death to age. Jones (2011) and Hagen et al. (2015) used a Weibull distribution, in which rate is a power function of age with a negative exponent. If t is age and (t) is the rate function, then for the Weibull distribution (t) = ( / )(t/ ) −1 , where is a scale parameter that determines the overall rate and is a shape parameter that determines how strongly the rate depends on age. In the present context, 0 < 1; rates decline with increasing age if <1, and the special case of = 1 corresponds to the standard birthdeath model with constant rates. Jones and Hagen et al. simulated a process in which binary nodes produce two newborn species (called symmetric speciation by Hagen et al.) . Hagen et al. also simulated an alternative process called asymmetric speciation, in which one species at a binary node is newborn and the other is ancestral and continues to age as before. Hagen et al. likened symmetric speciation to allopatric speciation with the range of the ancestral species divided into roughly equal parts, and asymmetric speciation to peripatric speciation with a new species evolving in a small peripheral part of the ancestral range.
Here the simulations used a Weibull distribution with several parameter settings organized in a complete factorial design. The first factor in the design is the scale parameter for death relative to birth. With set equal to 1 for birth, for death was set such that the mean time from birth to the next birth, relative to the mean time from birth to death, was either 0.5 or 0.9. These ratios were also used by Hagen et al. and are consistent with the range of empirical estimates. The second factor is the shape parameter for death, which was set equal either to for birth or to 1 (constant rate). These cases were also simulated by Hagen et al.; equal for birth and death could reflect factors such as fragmented ranges that promote both speciation and extinction, while <1 for birth and = 1 for death could reflect new ecological niches that promote speciation but not extinction. Simulations were also run with = 1 for birth and <1 for death, but the results are not presented because I w was close to 0.5 for all S, consistent with the finding of Hagen et al. that this process produced levels of imbalance similar to the standard model with constant rates. The third factor is the mode of speciation: either symmetric or asymmetric. The last factor is for birth, which was set equal to 0.2, 0.4, 0.6, or 0.8. Figure 1 illustrates the rate functions for these values of with set equal to 1. Since mean lifetime is above 1 with these parameter settings, most of the change in speciation rate is predicted to occur early in the life of a species.
Trees were grown to a maximum size of 500,000 species (to save computer time, the maximum was 50,000 species for trees in which the mean time between births, relative to the mean time between births and deaths, was 0.9, and was 0.2 for births and deaths). For each simulation, the function relating I w to S was estimated by sorting S into bins and then calculating geometric mean S and as well as I w (itself a weighted mean) within each Notes: % species is the percentage of the estimated total number of species that are included in the tree; % nodes is the percentage of nodes supported by trees or taxonomy + trees.
bin. The first nine bins had lower bounds of 4, 5, 6, 8, 10, 12, 16, 20, and 30 ; these bounds were then multiplied by 10, 100, 1000, and 10,000 for later sets of nine bins, up to 400,000 for the last bin. Results in the last bin were subject to the sampling bias described by Hartmann et al. (2010) and therefore were not used further. Online Appendix 2 (available on Dryad) describes the simulations in more detail.
For the empirical tree of Hinchliff et al. (2015a Hinchliff et al. ( , 2015b , geometric mean S and I w were calculated as for the simulated trees, except that the bins were wider for S above 3000 to include enough nodes for reliable estimates. Hinchliff et al. (2015a) provide information about the size and sampling completeness of several large individual clades within the tree, of which the five largest are Bacteria, Fungi, Insecta, Chordata, and Embryophytes. For each of these five clades, geometric mean S and I w were calculated as for the whole tree, except with wider bins because of the smaller numbers of nodes. Online Appendix 3 (available on Dryad) describes the analysis of the empirical tree in more detail.
Hinchliff et al. distinguish two ways in which their tree is incomplete. First, the tree does not include all the species that are estimated to exist. This is the sort of incompleteness investigated by Heath et al. (2008) and Jones (2011) in their studies of imbalance. For each of the large clades in Hinchliff et al., their Table 1 gives the number of species included in the tree, and their data set S2 gives the average estimated total number of species in the clade according to published sources. The percentage of the estimated total number of species that are included in the tree indicates the level of species sampling in the clade. The second type of incompleteness refers to the resolution of nodes in the tree. Some nodes are based at least in part on published trees, but others are based only on Linnaean taxonomies with many polytomies that would presumably be resolved into binary nodes if the complete phylogeny were known. Polytomous nodes were not included in the present calculations because I w is defined only for binary nodes. Table 1 (Table 1) , offering an opportunity to explore the relation between sampling level and imbalance.
RESULTS
The analytical results (Online Appendix 1 available on Dryad) apply Jagers' (1975) Theorem 6.8.1 to show that as S increases, the expected value of I w approaches an asymptote less than 1, which corresponds to the constant ratio described by Jones (2011) . The theorem holds for Crump-Mode-Jagers processes, in which rates of speciation and extinction depend on species age in the same way across lineages, and lineages are independent. The Weibull model simulated here is a special case of a Crump-Mode-Jagers process.
The empirical results and simulations (Fig. 2 ) agree with the findings of Jones (2011) and Hagen et al. (2015) that I w is consistently above 0.5 predicted by the constant-rates model. The curves for I w as a function of S, however, look very different for simulated than for empirical nodes. Each simulated curve starts above 0.5 at S of 4, increases for a while as S increases, and then flattens or even decreases to an asymptote definitely below 1 as predicted analytically for Crump-ModeJagers processes. The empirical curve also starts above 0.5, but then increases with no asymptote in sight at the largest values of S. The simulations with shape parameter of 0.6 for birth, which use the rate function shown by the long-dash line in Figure 1 , approximate the imbalance of empirical nodes with S up to about 50 or 100. In this range, the fit of the model depends little on the other model parameters: death rate relative to birth rate, whether death rate as well as birth rate decreases with age, and whether speciation is symmetric or asymmetric. As S becomes larger than 100, however, the predicted imbalance decreases well below the observed imbalance. This pattern is consistent with the fact that the model involves only short-term changes in rates.
The curves for I w as a function of S for Bacteria, Insecta, Embryophytes, and Chordata are similar to the curve for the whole tree of life (Fig. 3) . The curve for Fungi, however, shows a more jagged shape along with generally higher levels of imbalance. The jagged shape can be attributed to relatively small numbers of nodes per bin, but the higher levels of imbalance are harder to explain. Fungi are in the middle of the pack with respect to species sampling, while Bacteria are extremely undersampled at the species level but middling in terms of imbalance. Fungi are relatively low in nodes based on trees rather than taxonomies, but Insecta are even lower and if anything less imbalanced than other clades. In summary, there is little relation between imbalance and sampling level of either species or nodes.
DISCUSSION
The empirical curves of phylogenetic tree imbalance in Figures 2 and 3 show two nonrandom properties of macroevolution. First, imbalance exceeds the random level of 0.5 even at nodes with few descendent species. This property has been established since Mooers and Heard (1997) . Second, imbalance increases as the total number of species increases, with no sign of an asymptote below 1. This property was previously reported by Holman (2005) and is here confirmed in the more complete tree of Hinchliff et al. (2015a Hinchliff et al. ( , 2015b . Even this tree has far fewer species than are estimated to exist in some clades, and many of its nodes are polytomous and thus ignored in calculations of imbalance, but clades differ much less in imbalance than in completeness. In the limiting case of a highly imbalanced node with many species, one branch must have proliferated extensively over time, while the other branch either grew slowly or else contracted because of extinction following earlier diversification. Many similar examples of the long-term growth and decline of large clades have been found in the taxonomic fossil record (Sepkoski 1981) , a very different data source.
The simulations depicted in Figure 2 show that the imbalance of nodes with few species can be fit by an age-dependent model in which the rate of speciation decreases according to a Weibull distribution as the ancestral species grow older. This sort of decrease may reflect environmental fluctuations on a time scale comparable to the lifespan of individual species. For nodes with larger numbers of species, the simulated curves approach asymptotes not observed in the real tree. The simulations cover (Jones 2011) . Nevertheless, all of these models are Crump-Mode-Jagers processes and therefore predict that imbalance approaches an asymptote below 1, albeit with functions different from those in Figure 2 . The absence of an asymptote in the empirical tree of life suggests that the imbalance of nodes with many species involves factors other than age-dependence.
Unlike age-dependent models, the lineage-dependent models of Heard (1996) , Heard and Mooers (2002) , Blum and François (2006) , and Heath et al. (2008) predict insufficient imbalance at nodes with few species. As the number of species increases, however, predicted imbalance is unconstrained by an asymptote, because lineage-dependent models are not Crump-Mode-Jagers processes. The largest empirical trees so far fit by such a model contain about 500 species (Heath et al. 2008 ). The question remains whether a process of incremental changes on independent lineages can be scaled up by more than three orders of magnitude to fit the entire tree of life. If so, a combined age-dependent and lineage-dependent model might be constructed such that the age-dependent distribution produces imbalance at nodes with few species, while the parameters of the distribution are inherited with small changes over time to increase imbalance at nodes with more species. The inherited parameter changes could reflect either random drift or else species selection as species with less favorable parameter values are more likely to become extinct.
As a more radical alternative, Rabosky (2010 Rabosky ( , 2014 ) has proposed a lineage-dependent model with two innovations. First, the inherited speciation and extinction rates change relatively rarely, coinciding with new adaptations that define large clades. Second, lineages are not independent; instead, speciation and extinction depend on the number of concurrent (and competing) species in the same clade. Since this model is not a Crump-Mode-Jagers process and it is designed to be consistent with the fossil record, there are no obvious limits on the size of the tree it can fit. Whether it can supplement or even replace the models already described remains unknown until its predictions for imbalance are investigated.
SUPPLEMENTARY MATERIAL
Data available from the Dryad Digital Repository: http://dx.doi.org/10.5061/dryad.2q9r7.
